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Physics of melt extraction: theory, implications and
applications

BY MARC SPIEGELMAN

Lamont-Doherty Geological Observatory, of Columbia University, Palisades,
New York 10964, U.S.A.

This paper presents a general overview of flow in deformable porous media with
emphasis on melt extraction processes beneath mid-ocean ridges. Using a series of
simple model problems, we show that the equations governing magma migration
have two fundamentally different modes of behaviour. Compressible two-phase flow
governs the separation of melt from the solid and forms a nonlinear wave equation
that allows melt to propagate in solitary waves. Incompressible two-phase flow
governs small-scale mantle convection driven by lateral variations in melt content.
The behaviour of both compressible and incompressible matrix deformation is
demonstrated in the context of mid-ocean ridges to show that both mechanisms may
explain the observation of the narrowness of ridge volcanism. These results also
suggest that melt extraction is an inherently time dependent process that may
account for the timing, volume and chemistry of volcanism.
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1. Introduction

Magma migration and other important geophysical two-phase flows have long been
considered to be efficient processes for transporting heat and mass in the mantle and
the crust. However, it is only with the derivation of a comprehensive system of
conservation equations (McKenzie 1984; Scott & Stevenson 1984, 1986; Fowler
1985) that we have begun to understand the fluid mechanics of these processes. The
purpose of this paper is to develop a better physical understanding of the behaviour
of two-phase flows through a series of simple model problems. Section 2a reviews the
general equations governing viscous two-phase flows and presents some model
problems to demonstrate that magma migration is an inherently time-dependent
process. Section 3 then illustrates the behaviour of the governing equations in a more
geological context to understand some of the possible processes involved in melt

_d
//\7:”‘ extraction at mid-ocean ridges. Given a better understanding of the general physics,
—_ the geological implications of these problems becomes clear and we can begin to use

is insi o design experiments to test the theory and use observations to revea

<> this insight to design experiments to test the theory and bservations t |
S — the properties of the partly molten mantle.
2=
= Q) 2. General physics
E 8 (a) Governing equations

The equations governing the percolative flow of a low viscosity fluid or ‘melt’
through a viscously deformable permeable matrix were derived independently by
several workers (McKenzie 1984 ; Scott & Stevenson 1984, 1986 ; Fowler 1985) based
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24 M. Spiegelman

on the more general work of Drew (1971, 1983) for interpenetrating two-phase flows.
Of these formulations, McKenzie (1984) provides a particularly detailed derivation
and is perhaps the more general. These equations are a macroscopic description of
two interpenetrating viscous fluids with vastly different viscosities. The melt is
assumed to form an interconnected porous network distributed over some
characteristic pore (or vein spacing) a. As a continuum approximation, these
equations are valid for length scales much larger than a and smaller than any
characteristic variation in porosity. These equations also assume that inertial effects
are negligible for both the percolating melt phase and for creeping matrix
deformation. This assumption should remain valid as long as the porosity is much
smaller than the critical value at which the matrix disaggregates.

With these considerations, the equations governing conservation of mass and
momentum can be written

00, @)/2U+ Vo1 o0) = T ()
U (L= PNV o (1) V] =~ T @)
Ho—V) = (~ /) V2. )

0P o (aV, N @ ., o
el eV =) A )
ky~ a*¢p" /b. (5)

melt or porosity, v is the melt velocity, and I"is the rate of mass transfer from matrix
to melt (melting rate). p, is the density of the solid matrix, V is the matrix velocity,
k, is the permeability, x is the melt viscosity and # = P—p;gz is the pressure in
excess of hydrostatic pressure. £ is often referred to as the ‘piezometric pressure’, or
‘hydraulic head’. % and ¢ are respectively, the matrix shear and bulk viscosities and
Ap = p,—p;. Estimates and explanations of additional parameters are given in
table 1.

Equations (1) and (2) conserve mass for the melt and matrix individually but allow
mass transfer between solid and liquid via the melting rate I'. If I" is positive the
solid melts. I" < 0 implies freezing. Equation (3) is a modified form of Darcy’s Law
which governs the separation of melt from the matrix. The separation flux of liquid
from solid ¢(v— V') is proportional to the permeability and flows down pressure
gradients. Equation (4) is Stokes equation for creeping matrix flow and shows that
the pressure gradients that make melt move depend both on the buoyancy difference
between melt and solid and on the viscous deformation of the matrix. Equation (5)
gives the permeability as a nonlinear scalar function of the pore spacing a, porosity
and a dimensionless coefficient, b. Equation (5) is a convenient parametrization for
a range of porosity/permeability relationships valid for small porosities (< 10-20 %).
More specific relations can be found in standard texts on porous flow (Dullien 1979;
Scheidegger 1974 ; Bear 1988). The actual functional form of the permeability is not
particularly crucial to the following discussion except for the important requirements
that both the permeability, k,, and 0k;/0¢ are increasing functions of porosity.
Simple capillaric models for permeability suggest that a power law with n &~ 2-3 is
a good approximation for natural systems. More detailed analysis of texturally
equilibrated melt/solid networks gives similar results (Cheadle 1989; Von Bargen &
Walft 1986).

Phil. Trans. R. Soc. Lond. A (1993)
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Physics of melt extraction 25

Table 1. Notation

variable meaning value used dimension
a pore spacing (grain size) 1073-107* m

b constant in permeability 100-3000 none
€ compaction rate (isotropic strain rate) — st

g acceleration due to gravity 9.81 ms™?
ky permeability — m?

k, = a*p7 /b permeability at porosity ¢, — m?

n exponent in permeability 2-3 none
P = P—p,gz piezometric pressure Pa

q = ¢v dimensionless melt flux — none

¢ time — s

w* matrix scalar potential — m? s
Vv =V x W*+V%* matrix velocity — ms™t
v melt velocity — ms!
W, = kyApg/d, 1 percolation velocity — m st
x horizontal cartesian coordinate — m

2 vertical cartesian coordinate — m

o =/ (ko(&+4y)/p) compaction length 100-10000 m

r melting rate — kgm™? gt
¢ matrix bulk viscosity 108102 Pas

n matrix shear viscosity 10810 Pas

£ n/(C+im) g none
£ £/, — none
i melt shear viscosity 1-10 Pas
O density of melt 2800 kgm™
Ds density of matrix 3300 kg m™3
Ap =p—p 500 kg m~?
¢ porosity — none
?y reference porosity (constant) 0.005-0.04 none
/ad matrix stream function (2D) — m?s!
s matrix 3D vector potential — m? st

(b) Governing equations tn potential form: constant viscosity, constant densities

The governing equations (1)—(5) are similar to those for standard porous media
flow with the important distinction that the matrix is able to deform viscously. For
the problem of magma migration from the mantle, this behaviour must be allowed
if these equations are to be consistent with mantle convection. It is the pressure
gradients due to this additional viscous deformation that provide for most of the
interesting new behaviour. For the case of constant matrix viscosities, (4) can be
written

VP =—gVxVx V+ L+ V (V- V)—(1—¢)Apgk (6)

to show that the pressure gradients due to viscous flow arise from two fundamentally
different types of matrix deformation. The first term of (6) is the pressure gradient
due to incompressible shear (rotational flow) of the viscous matrix. The second term
is the gradient due to volume changes of the compressible matrix. The distinction
between compressible and incompressible matrix deformation provides a convenient
way to categorize the general behaviour of the governing equations. It should be
stressed that ‘compressible’ matrix deformation refers to the ability of the matrix
framework to expand and compact to produce changes in porosity in response to
variations in the melt flux. The individual crystals that form this framework,

Phil: Trans. R. Soc. Lond. A (1993)


http://rsta.royalsocietypublishing.org/

/
A
g\

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A
\
)

THE ROYAL A

A

SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

26 M. Spiegelan

however, are incompressible. Incompressible flow refers to matrix shear without
volume changes. By assuming constant viscosities, the pressure gradients due to the
two basic modes of matrix deformation separate. Using Helmholtz’s theorem, the
matrix velocity field ¥ can also be decomposed into incompressible and compressible
flow fields:

V=VxWY+Vi, (7)

¥s is the vector potential governing rotational flows (in 2D ¥* is the stream
function). %° is a scalar potential governing irrotational flow. It is also useful to
define the isotropic strain rate or ‘compaction rate’ as

€=V-V. (8)

The compaction rate is simply the rate of volume change of the matrix. If ¢ > 0 the
matrix is expanding; ¢ < 0 implies compaction. Given these definitions and letting
p;, and pg be constant, (1)—(5) can be rewritten solely in terms of porosity and matrix
deformation. Expanding (2) gives

0P/t + (VX W+ VAU*) V= (1 =) C+1/p,. (9)
Adding (1) and (2) and substituting (3) and (6) yields
=V ley/ ) (EH5n) VE+C = V- (ky/p) [nV x VW — (1 =) Apgk ]+ I'Ap/pspy. (10)

Equations (7) and (8) imply
Vs =% (11)
and taking the curl of (6) gives

VAWs = — (Apg/n) V x pk. (12)

Further details of the derivation, non-dimensionalization and a discussion of
boundary conditions can be found in Spiegelman (1993 a).

Equations (9)—(12) form a coupled system of hyperbolic, elliptic and bi-harmonic
cquations that can be solved by using standard techniques. While writing the
equations in potential form may appear to obscure the physics, this decomposition
actually makes the behaviour of viscous two-phase flow clearer by making the
equations for incompressible and compressible matrix deformation explicit. This
decomposition also allows these two modes to be solved for sequentially.

Fquation (12) governs incompressible matrix deformation and is the Stokes
equation for the creeping rotational flow of the matrix driven by horizontal porosity
variations and boundary conditions. This equation is identical to that found in
thermal convection. Here, however, the matrix convection is driven by variations in
the amount of melt present rather than by variations in temperature. Considerable
work has been carried out on incompressible two-phase shear flow, particularly at
mid-ocean ridges (Rabinowicz et al. 1984; Spiegelman & McKenzie 1987; Phipps
Morgan 1987 ; Ribe & Smooke 1987 ; Ribe 1988; Scott 1988 ; Scott & Stevenson 1989 ;
Buck & Su 1989 ; Daly & Richter 1989 ; Cordery & Phipps Morgan 1992). Section 3a
summarizes this work, and discusses its role in focusing melt movement beneath mid-
ocean ridges.

Equations (9)—(11) govern compressible matrix deformation and have been less
extensively studied. These equations can be combined to form a nonlinear dispersive
wave equation for the evolution of porosity in space and time. The existence of
nonlinear solitary wave solutions for porosity were demonstrated almost as soon as

Phil. Trans. R. Soc. Lond. A (1993)
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Physics of melt extraction 27

the equations were derived (Scott & Stevenson 1984 ; Scott et al. 1986; Richter &
McKenzie 1984 ; Barcilon & Richter 1986). These waves have been shown to exist in
one, two and three dimensions and their stability has been discussed by Scott &
Stevenson (1986) and by Barcilon & Lovera (1989). While this previous work shows
that solitary waves are easily produced, their overall significance has not been well
understood. The more general physics of compressible matrix deformation is
presented in Spiegelman (1993, b) which shows that these solitary waves are an
essential feature of the governing equations and will form spontaneously from any
perturbation in the melt flux. This work also investigates the effects of melting and
freezing on the solitary waves and shows that many geologically reasonable initial
conditions should develop solitary waves. The following section briefly reviews the
behaviour of compressible flow that is important for understanding the behaviour of
high permeability melt channels at ridges (§3b).

(¢) General behaviour of compressible flow

The important behaviour of compressible matrix deformation is contained in (9)
and (10). Equation (9) governs conservation of porosity and states that changes in
¢ are caused by matrix advection and the balance between volume changes of the
matrix and melting. Equation (10) governs volume changes of the matrix and states
that the compaction rate ¢ depends on the divergence of the melt separation flux
¢(v—V) and the volume change on melting, i.e.

€ =—=V-gv=V)+I'Ap/psp;. (13)

Equation (10), however, has been rearranged to stress that it is an elliptic equation
for the compaction rate. The right side of (10) contains volume changes due to spatial
variations in the ‘forced flux’ and to volume changes on mass transfer. The forced
flux contains the components of the melt separation flux driven by incompressible
shear and by buoyancy. The left side of (10) shows that these forcing terms change
the volume of the matrix (second term) and develop an opposing ‘compaction flux’.
The compaction flux arises from pressure gradients induced by the viscous resistance
of the matrix to changing volume.

The first term (10) is perhaps the most important term in the governing equations.
Dimensional analysis shows that pressure gradients due to volume changes of the
viscous matrix only become significant when the melt flux varies over the compaction
length

8 = k(G +4m)/ . (14)

In many geological problems, ¢ is small (order 100-1000 m) and several authors (Ribe
1985; Ribe & Smooke 1987; Scott & Stevenson 1989) have proposed that the first
term in (10) can be neglected for most geological problems. Other workers (Buck &
Su 1989 ; Sotin & Parmentier 1989) have simply neglected this term altogether. The
zero compaction length approximation reduces a potentially singular second order
equation to a zero-order equation. In particular, Spiegelman (1993 a) shows that the
zero compaction length approximation reduces the equations for compressible flow
to a single nonlinear wave equation that predicts porosity ‘shock waves’, travelling
discontinuities in the porosity. Such shocks will result from any initial condition
where the melt flux locally exceeds what can be readily extracted, for example, the
injection of magma into a region of low permeability or a local increase in the melting
rate. The shaded curves in figure 1 show the evolution of a simple initial condition

Phil. Trans. R. Soc. Lond. A (1993)
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28 M. Spiegelman

VS

t=0

T 1
0 10 20 30 40 50
compaction lengths

Figure 1. A comparison of approximate and full solutions for the evolution of porosity from an
initial condition that develops into a perfect step function shock at time { =2 in the zero
compaction length approximation. The shaded lines show the analytic shock solution to the
approximate equations. After t = ¢, this shock travels as a perfect step with ¢, =1, ¢, = 0.2 at
constant velocity ¢, = 1.24. The solid lines show the numerical solution to the full equations for the
same initial condition. Until ¢ = ¢, the full and approximate solutions are comparable. For ¢ > ¢,
viscous resistance of the matrix to volume changes causes the shock to disperse into a series of
porosity maxima and minima. In this example, the leading porosity wave travels slower than the
shock (¢ ~ 0.8) and each new wave forms further back relative to the matrix.

that forms a travelling step-function shock when the viscous resistance of the matrix
is neglected. In the vicinity of the shock, however, viscous resistance to volume
changes cannot be negligible and the approximation is not uniformally valid. The
solid curves in figure 1 show the evolution of the identical initial condition using the
full equations and shows that viscous resistance to volume changes causes the shock
to disperse into a growing train of solitary waves. Figure 2 shows the long term
evolution of porosity for a set of initial conditions that would produce simple shocks
in the zero compaction length approximation. This figure shows that the amplitude
of the solitary waves correlates with the size of the obstruction in flux (large steps
produce large solitary waves) and that the dispersive wave trains can grow to span
many compaction lengths and even allow for information to propagate backwards
relative to the matrix (see figure 2 for ¢, = 0.2). Spiegelman (19936) discusses and
quantifies this dispersion and shows it to be consistent with the form of the governing
equations. This work also shows that solitary waves are waves of volume fraction
(porosity) and move faster than does the melt itself.

The solutions shown in figures 1 and 2 demonstrate the important processes that
govern the separation of melt from solid. In general, porosity waves are a
fundamental feature of these equations. These waves propagate because variations
in the melt flux force the matrix to change volume. As long as the flux is an increasing
function of porosity and the matrix is deformable, then porosity waves will exist. The
actual speed and behaviour of the porosity waves, however, depends on the

Phil. Trans. R. Soc. Lond. A (1993)
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Figure 2. The long-term evolution of an initial condition similar to that in figure 1 showing the
relationship between the amplitude of solitary waves and the size of the initial obstruction. In the
absence of viscous dispersion, this initial condition would evolve to a travelling step function shock
with ¢ .. = 1, ¢ = ¢,. Viscous resistance to volume changes causes all shocks to disperse into
rank-ordered dispersive wave trains of solitary waves. For each value of ¢,, the top figure shows
porosity profiles against time (¢ = 0-80). Bottom two figures superpose initial (¢ = 0) and final
(t = 80) profiles for compaction rate and porosity. All grids have 4¢;? grid points/compaction length
for accurate resolution (Spiegelman 1993b). (a) A large-amplitude change in porosity (¢, = 0.2)
develops into a large-amplitude, slow moving, back-propagating wave train. (b) A smaller
obstruction (¢, = 0.5) develops a smaller-amplitude, faster wave train (note the difference in scales)
with all new waves initiating at ca. z = 40. (¢) The smallest obstruction (¢, = 0.8) produces a small-
amplitude, fast moving, forward propagating, wave train.

relationship between permeability and porosity. For most commonly used per-
meability-porosity relationships, 0k,/0¢ is an increasing function of porosity;
therefore, regions of high porosity (high melt flux) will propagate faster than regions
of lower porosity and can cause the porosity gradients to steepen. If there was no
viscous resistance of the matrix to changing volume, this steepening would continue
until shocks form. However, in the vicinity of a rapid change in flux, viscous
resistance cannot be negligible and in general it will cause the porosity to disperse
into nonlinear solitary waves.

It should be stressed that because porosity gradients can steepen, viscous effects
can become important even for smooth initial conditions where compaction effects
are initially negligible. Spiegelman (1993a) presents the general criteria for shock
formation using the zero compaction length approximation. Figures 1 and 2 also

Phil. Trans. R. Soc. Lond. A (1993)
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show that, once viscous effects become important, the obstruction in flux does not
remain localized, but rather, excites the growth of additional solitary waves. Because
of this dispersion, even initially localized disturbances in the melt flux can eventually
affect the entire partly molten region. Thus a small compaction length does not imply
a negligible compaction term. If these equations are an accurate description of
magma migration in the mantle, the clear implication is that the episodicity of
magmatism may reflect the basic processes of migration from the source region.

3. Using the theory: applications to mid-ocean ridges

The simple model problems of the previous section demonstrate the important
behaviour of compressible matrix deformation, but do so in a somewhat abstract
manner. The purpose of the following section is to develop a better understanding of
the behaviour of the governing equations in a more geological context. Here we will
use the theory of viscous two-phase flows to consider some of the processes that may
be occurring at mid-ocean ridge spreading centres. In particular, this section is
motivated by the important observation of the extreme narrowness of the neo-
volcanic zone. As many authors have noted (MacDonald 1982; Detrick et al. 1987;
Burnett et al. 1989; Toomey et al. 1990 ; Caress et al. 1992) a variety of geophysical
data strongly suggest that the entire 6 km thickness of oceanic crust is emplaced
within approximately 2 km of the ridge axis. The implications of this observation are
clear. Either the melting region at depth is of a comparable width, or there must be
some mechanism for lateral migration of melt to the ridge axis. The following
sections will demonstrate three different mechanisms that can produce focused
volcanism. The first two mechanisms depend on incompressible matrix shear. The
third mechanism relies upon the behaviour of compressible matrix deformation. The
three mechanisms illustrate the broad range of behaviour inherent in the equations
for flow in deformable porous media and suggest that both incompressible and
compressible matrix deformation may be significant in magma migration.

(a) Incompressible flow: focusing by mantle shear

The first two mechanisms for focused ridge volcanism rely on the ability of the
matrix to shear. At mid-ocean ridges there are always two primary sources of mantle
shear. The first is shear driven by boundary conditions, in this instance the spreading
plates. The second is mantle shear driven by internal buoyancy variations. By
rescaling (12) using the scaling relations in table 2, the dimensionless 2D equations
for incompressible porosity driven convection can be written

Viys = ROg /0w, (15)

where R = ¢,Apgd®/qU, is the single parameter which measures the relative

contributions of buoyancy driven shear to plate driven shear. Here d is the depth of

the partly molten layer (ca. 50-60 km), U, is the half-spreading rate, and 1® is the 2D

matrix stream function. Comparison w1th the dimensionless equations for thermal
convection

oT/ot+(V x %) -VT = V2T, (16)

V4® = Ra 0T /0x (17)

shows that R plays exactly the same role as the Rayleigh number in thermal
convection and measures the relative contributions of buoyancy forces to viscous
plate driving forces. When R is large, buoyancy dominates and vigorous convection

Phil. Trans. R. Soc. Lond. A (1993)
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Physics of melt extraction 31

Table 2. Scaling relations for porosity driven convection

(Primes denote dimensionless variables.)

variable scale parameter scaling relation
porosity maximum porosity b =¢,¢
distance melting depth (x,2) =d(x,2")
V=V/d
velocity plate velocity (v, V)= Uyv', V")
stream function Ys =dU, ™

can occur. Unlike thermal convection however, it is horizontal variations in porosity,
rather than temperature, that drive convection. Moreover, porosity is governed by
a dispersive wave equation, while temperature is diffusive. When R is small,
convection is negligible and mantle flow is dominated by the boundary conditions.

Figure 3a and b show the full steady-state solutions for the porosity, solid flow and
melt flow for two end-member solutions in a geometry appropriate for ridges. These
solutions are actually the end result of a long time dependent calculation that relaxes
to steady state due to the free flux boundary condition at the top of the box. The
possible time dependent effects of a freezing lid are discussed in §36. In this solution,
the dimensional melting rate is given by

F={ Frax W/d W >0, (18)
0 W <0 and on closed streamlines,

which approximates melting by adiabatic decompression. F . is the maximum
degree of melting experienced on axis (here £, ,, = 0.25), Wis the vertical component
of the matrix velocity and d is the depth of the melting region. Equation (18) states
that any piece of fertile mantle melts at a rate proportional to the upwelling velocity,
while material that moves sideways or down or along a closed flow line does not melt.
Figure 3¢, d shows the melting rate fields for these solutions.

When R is small (figure 3a) the matrix flow is essentially corner flow which can
develop large non-hydrostatic pressure gradients that focus the flow of melt. The
physics of melt focusing is discussed in detail in Spiegelman & McKenzie (1987) (see
also Phipps Morgan 1987; Ribe 1988), who use an analytic constant porosity corner
flow solution without melting. When melting is added, the porosity field is no longer
constant, nevertheless, the basic behaviour of melt flow remains the same. As noted
by earlier authors, this melt focusing provides a simple mechanism for extracting
melt from a wide region at depth and extruding it at the surface in a narrow region.
The principal geological problem with this solution, however, is that the actual
melting region due to corner flow is quite wide and usually wider than the extraction
zone, thus not all of the melt is extracted. Moreover, for reasonable estimates of
melting depth and spreading rates, the viscosities required are large (i.e.

102°-10%' Pa s). Such values have been considered ‘unreasonable’ although the
rheology of two-phase melt-solid assemblages is still only poorly understood (Cooper
& Kohlstedt 1984 ; Cooper & Kohlstedt 1986; Borch & Green 1990).

When viscosities are lower (more precisely for large values of R) then the focusing
effect becomes negligible and internal sources of buoyancy become important. When
the principal source of buoyancy in the melting region is due to lateral variations in
melt content (Rabinowicz et al. 1984 ; Scott & Stevenson 1989; Buck & Su 1989) the
effect is to produce an additional convective roll superposed on the plate driven

Phil. Trans. R. Soc. Lond. A (1993)
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32 M. Spiegelman

é Melting Rate (non-dim)

Figure 3. 2D solutions for the flow of melt and solid for a simple ridge spreading geometry
demonstrating the effects of passive against active mantle flow. The top two parts show porosity,
melt flow (black curves) and matrix flow (white curves). The bottom two figures show the
dimensionless melting rate which is proportional to upwelling rate for ‘fertile’ upwelling mantle.
I = 0 on closed streamlines or downwelling regions. Each part shows the right half of the melting
region. The vertical scale is the melting depth (50-60 km) and there is no vertical exaggeration. R
is related to the Raleigh number and measures the relative contribution of buoyancy forces to
viscous forces. (a) Plate-dominated flow, R = 0.0357. When shear is dominated by boundary
conditions. the forced shear of the viscous matrix can produce large pressure gradients that focus
the flow of melt. (b) Buoyancy driven flow, R = 56.28. For lower viscosities or plate velocities,
variations in melt content can drive additional small-scale convection which narrows the width of
the upwelling region. (¢) Melting rate field for plate driven shear, (d) and for buoyancy driven shear.

corner flow solution (figure 3b). This additional convection produces a narrow, fast
upwelling zone beneath the ridge axis which narrows the region of melting. However,
to produce a melting region with a width comparable to the nco-volcanic zone
requires very large values of £ which in turn requires very small matrix viscosities
(Buck & Su 1989). For values of viscosity that are considered reasonable
(10'3-10 Pa s), the melting region is still approximately 20 km wide (figure 3b) and
there is no additional melt focusing due to forced matrix shear. When the buoyancy
is driven solely by depletion effects or temperature differences (Sotin & Parmentier
1989 ; Parmentier & Phipps Morgan 1990 ; Sparks & Parmentier 19900, a; Cordery &
Phipps Morgan 1992) the narrowing is much more subdued.
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Figure 4. The two fundamental effects of freezing on the flow of melt near the top of the partly
molten region. (a) Melt channelling : because the cooling plates form a natural sloping impermeable
barrier to melt flow, channels may arise that transport melt to the ridge axis. (b) Simple freezing:
as melt approaches the freezing boundary, it will be converted to solid which is transported away
by the spreading plates.

e

The point of figure 3 is that both ‘passive’ and ‘active’ flow models are really end-
member solutions of exactly the same equations. Both rely on the ability of the
matrix to shear, the only difference between these two solutions is which of the two
sources of shear dominate. If plate driving forces are sufficiently large, melt focusing
may be sufficient to produce the narrow neo-volcanic zone. Alternatively, if the
buoyancy forces are significant, then narrowed upwelling may play a part. It is not
possible, however, to have both effects simultaneously, and neither process, by itself,
appears to be sufficient for geologically reasonable values of R. Both processes,
however, may be assisted by an additional mechanism for focusing that relies on
compressible matrix deformation.

(b) Compressible flow: freezing induced melt channels

The principal result of §2¢ is that obstructions in the melt flux will shed solitary
waves. At mid-ocean ridges one of the principal obstructions to the flow of melt is the
presence of a frozen, impermeable lid produced by the spreading and cooling plates.
This section will show that the solitary waves that develop due to freezing can form
channels that guide the melt to the ridge axis.

One of the oldest suggestions for the lateral flow of melt at ridges is that melt
percolates under gravity until it encounters the impermeable lid, develops some form
of melt channel along the base of the sloping impermeable region and flows to the
ridge axis. Figure 4a shows this channelling behaviour schematically. More recently,
Sparks & Parmentier (1991) have begun to quantify this process and use results from
a series of steady state 1D melt segregation problems to suggest that such a high
porosity channel should exist. While this mechanism is appealing, the actual nature
of the impermeable boundary is somewhat problematic. The principal problem is
that the reason this boundary is impermeable is that it is simply too cold to allow the
presence of any partial melt (i.e. it is a freezing boundary). Therefore, an equally
plausible solution is that, as the melt approaches this boundary, it is converted to
solid and is carried off by the spreading plates (figure 46). It is not obvious which of
these two effects of freezing actually controls the flow of melt near the top of the
partly molten zone.

Rather than attempting to solve the full flow of melt and solid and its attendant
temperature field beneath a ridge, figure 4 suggests that it may be sufficient to
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Figure 5. Geometry and boundary conditions used to investigate melt migration near a sloping
freezing boundary. Freezing occurs in the darker region marked freezing zone. Contours and
shading show values of the imposed freezing rate field I'(x). The freezing length, &8, = 1/ is
approximately the length scale (in compaction lengths) over which a uniform melt flux would freeze
completely. There is no matrix shear. Boundary conditions are constant melt flux into the base,
free flux out the top and sides. The problem is non-dimensional with length scaled to the
compaction length 8, porosity scaled to the uniform background porosity ¢,, and velocities to the
background melt velocity w,. Typical values for ¢ are 100-1000 m, for ¢, are 1-10 % and for w, are
0.1-1ma™.

understand the 2D flow of melt near a sloping freezing boundary. To that end, I have
constructed a simple model problem which shows that both effects of freezing are
actually possible and that again there is a single parameter that controls whether
channels form.

Figure 5 illustrates the geometry and boundary conditions of the model. 1t consists
of a two-dimensional region, 30 compaction lengths on a side. The freezing rate is
imposed using the function

I' = 1I'[1 —tanh (k- x)][1 + tanh (k (x—x,))], (19)

where Iy is the maximum freezing rate in the interior of the freezing zone and k is
a vector that is normal to the sloping boundary. The final hyperbolic tangent term
is used to smoothly truncate the sloping freezing front at a distance x; from the left
edge of the box. This truncation is used to avoid the interaction of the freezing zone
with the boundaries of the region. While (19) appears somewhat complicated, the
geometry is actually straight-forward and contours of I” are shown in figure 5. For
simplicity, this problem neglects any matrix shear deformation although, beneath a
ridge, it is the large scale matrix flow that governs the thermal structure, and
therefore the shape of the freezing region. chorthcloss as long as the melt velocity
is much greater than the matrix velocity, then the approximation of a fixed freezing
region with no matrix shear is valid. Further experiments consider the effects of
small amounts of matrix flow but do not change the basic results shown here.
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—n
0 1 2 3
Figure 6. Evolution of porosity near a freezing zone with a rapid freezing rate (I"y = —2.0) showing

the development of high permeability melt channels near the freezing boundary. Each box is
30x 30 compaction lengths on a side and shading shows porosity relative to the background
porosity (¢ = 1) for dimensionless times { =0, 10, 20 (top row), 40, 60, 80 (bottom row). A
dimensionless time of 30 is the time required for a completely incompatible trace element to travel
across the box at the background melt velocity. The initial condition is the steady-state solution
given by the zero compaction length approximation where the melt can only percolate vertically
and then freeze. At t = 10 the excess melt that cannot be accommodated by freezing begins to
accumulate at the boundary in a growing channel (¢,,,. ~ 2.4). With time the initial channel grows
to a porosity approximately 3.5 times greater than the background. Rather than growing into a
single channel, however, the growth of each channel initiates the formation of a new channel below
it in the same manner as the dispersion of solitary waves. The white box at ¢ = 20 is the region
depicted in figure 7a.

Boundary conditions on the melt flux are a constant flux in to the bottom of the
box, and the melt flux out of the top, right and left boundaries is free to adjust during
the calculation. Detailed descriptions of numerical techniques and boundary
conditions are given in Spiegelman (1993 a, b). The initial condition for each run was
the steady-state solution predicted by the zero compaction length approximation. In
this approximation, the melt flux is driven solely by gravity and is exactly balanced
by the freezing rate. Thus the initial condition for the porosity is given implicitly by
the dimensionless flux balance

o [
/c¢<1—¢0¢>—<1—¢0>=LW

for ¢ > 0. Any variation from this initial condition during a calculation results from
the term governing viscous resistance of the matrix to volume changes. This initial
condition produces a freezing region of approximate ‘freezing width’ é; = 1/I, over

dz (20)
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incoming melt flux

0 1 2 3 4 5 6 7
compaction lengths

Figure 7. Close-up of the freezing boundary at ¢ = 20 showing melt flux vectors for rapid and slow
freezing rates. (a), (b) The 7.5 x 5.7 compaction length regions marked in figures 6 and 8. (@) Rapid
freezing rate (I'y = —2.): This figure shows that not only does the obstruction in flux cause porosity
to increase near the freezing boundary, but also that the melt in these channels travels laterally.
(b) When the freezing rate is slower (I'y = —0.1), melt only percolates vertically. (¢) Schematic
diagram showing pressure gradients that make the melt flow laterally. When the melt flux is
reduced by freezing over many compaction lengths, the compaction pressure is negligible and no
channels form.

which the porosity decreases from the background porosity to impermeability. Note
that the larger the freezing rate, the narrower the width of the freezing region. We
now show that the larger the freezing rate, the more likely high permeability melt
channels are to form.

(i) Results

Figure 6 shows the evolution of porosity for a rapid freezing rate and shows how
the channels grow. When the freezing rate is large, the transition from the high
permeability background to impermeability occurs over a distance comparable to
the compaction length (here the width of the freezing layer is ca. 26) and the upwelling
melt can ‘see’ the obstruction caused by the rapid change in permeability. Locally,
the influx of melt is greater than can be consumed by freezing and the deformable
matrix expands to accommodate the excess flux. This expansion leads initially to the
growth of a high porosity channel near the freezing boundary (¢ = 20). Because the
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porosity (non dim)

0 1 2 3

Figure 8. Evolution of porosity near a freezing zone with a slow freezing rate I’y = —0.1 (¢ = 0, 10,
20 (top row), 40, 60, 80 (bottom row). When freezing occurs over a region that is large compared
to the compaction length, viscous pressure gradients are negligible and only weak channels form.
With time, this solution develops a weak oscillation that is related to the dispersion of solitary
waves (§2¢), however, as a first approximation, this solution maintains steady state. The white box
at ¢t = 20 is the region depicted in figure 7.

matrix is viscous, however, these volume changes generate additional pressure
gradients that deflect the flow of melt away from the vertical and along the
boundary. Figure 7a shows a close-up of melt flow in the channel at ¢ = 20. In this
problem, the dimensional melt flux is approximately

pv = —ky[(C+1) VE — Apgk]. (21)

The term ({+ 377)(6 is the ‘compaction pressure’, the pressure induced by volume
changes of the viscous matrix. The melt is driven vertically by buoyancy and away
from the expanding channel by gradients of the compaction pressure which is always
normal to the interface (see figure 7¢). The net melt flux is therefore at an angle to
the vertical. These compaction pressure gradients, however, only become significant
when the melt flux varies over the compaction length. When freezing is distributed
over many compaction lengths (figures 76, 8), the compaction pressure is negligible.
In this case, melt percolates vertically due to buoyancy alone and freezes into place
without developing significant melt channels. Figure 8 shows the time evolution of
porosity for gradual freezing and is steady state to a first approximation.

This problem shows that if the freezing zone is sufficiently narrow, high
permeability melt channels can form to transport melt along the boundary. When
channelling occurs, the flow is strongly time dependent. Rather than forming a single
channel, a whole rank ordered set of channels forms, all oriented parallel to the
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Figure 9. 1D dimensionless porosity profiles normal to a freezing boundary with a moderate
freezing rate showing the development of a large dispersive train of melt channels. This calculation
includes some flow of solid through the freezing region. The ratio of the solid velocity to the melt
velocity is W /w, = 0.01, and freezing occurs over five compaction lengths from z = 5-10. The
formation of these channels is similar to that for the dispersive solitary wave trains, however, these
channels become absorbed in the freezing region. The channels form spontaneously without any
time-dependent forcing. This problem appears to have no steady-state solution.

boundary. This behaviour is precisely the same phenomenon seen in the dispersion
of solitary waves (§2¢). In fact these channels are simply another manifestation of
the solitary waves, however, they are pinned in place and take their overall form
from the freezing boundary. Additional experiments suggest that, in addition to the
two principally steady-state solutions shown here, there is also a strongly time-
dependent régime where moderate amplitude channels can form but are transient.
Figure 9 shows the detailed evolution of porosity taken in a 1D profile normal to the
freezing boundary. The solution shown in figure 9 allows the matrix to advect
porosity into the freezing region, which may affect the time dependence of the
channels. In the time dependent régime, the initiation of channels can propagate far
into the interior possibly producing an overall anisotropy in the large scale
permeability that aligns itself with the freezing boundary. Lateral flow caused by
any additional channels far from the freezing boundary, however, does not have to
compete with freezing.

This simple model suggests that the existence or otherwise of channels in the Earth
is controlled primarily by the ratio of the compaction length to the freezing length.
Jalculations based on the 1D steady-state thermal structure of an upwelling column
(Sparks & Parmentier 1991 ; Spiegelman 1991) suggest that channelling may be an
important mechanism for at least some lateral flow. However, more work needs to
be done to consider the effects of channelling for larger-scale 2D and 3D problems.
It should be stressed that this mechanism is completely different from the
mechanisms that rely on incompressible shear (§3a) and can work in conjunction
with both passive and active matrix flows. Compressible matrix deformation and the
growth of channels are small-scale boundary layer phenomena that only depend on
the local structure of the freezing zone. The structure of the freezing zone, however,
depends on the large scale 2D and 3D flow and thermal structure of the mantle. This
extreme variation in scales of processes is characteristic of the governing equations
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and makes accurate resolution of both compressible and incompressible effects
numerically difficult. Nevertheless, if the local parameters that control channelling
can be derived for any given solution for large-scale mantle flow, it becomes
straightforward to discover whether melt channels influence lateral melt migration.

4. Summary

The purpose of this paper is to illustrate and clarify the wide range of behaviour
inherent in the equations governing flow in viscously deformable porous media. It
should be stressed this behaviour arises because the matrix is permeable and can
deform viscously. Provided that the melt is interconnected everywhere, these
equations form a macroscopic description of magma migration and make no
assumptions about the microscopic distribution of melt. Clearly, as the functional
form of the permeability and rheology change, the quantitative solutions to the
equations will also change.

It is the ability for the matrix to deform viscously that adds most of the interesting
new behaviour to these equations. In particular, this paper demonstrates that the
matrix can deform in two fundamentally different ways. Because the matrix can
expand and compact, variations in melt flux can actually propagate through the
matrix as porosity waves. These waves are an essential feature of the governing
equations and will form spontaneously from any region where more melt is produced
or injected than can be readily extracted. Compressible matrix deformation also
controls the flow of melt around obstacles such as the impermeable top of the partly
molten zone. From the simple solutions shown here, it is clear that the compaction
length is the only intrinsic length scale governing compressible matrix deformation.
While the compaction length can be quite small it cannot in general be neglected.
Rather, these problems show that a small compaction length implies that viscous
effects will become important in narrow boundary layers. However, because of the
dispersive behaviour of these equaticns, initially localized boundary layers can
propagate away from the region of initial disturbance. A surprising but potentially
important result is that ¢nformation about obstructions in the melt flux can
propagate backwards while the melt can only propagate in a forward direction.
Eventually the entire partly molten region can become affected. Because of this
behaviour, it is possible to construct simple initial conditions that never relax to
steady state (see figures 2 and 9).

The second mode of deformation is incompressible matrix shear which controls
porosity driven convection. At ridges the vigour of convection is determined by the
balance of shear driven by boundary conditions and internal buoyancy forces. While
porosity driven convection is superficially similar to thermal convection, it should be
stressed that porosity does not behave in the same manner as temperature.
Therefore, the stability of two-phase regions to small perturbations may be quite
different from that expected in thermal convection. It should also be noted that
incompressible matrix deformation is sensitive to the largest length scales in the
problem, namely the size of the partly molten region. However, compressible flow
is sensitive to the smallest length scale. Because of this disparity in length scales,
accurate large-scale numerical solutions for the flow of both melt and solid become
computationally expensive. For this reason, most numerical solutions for incom-
pressible two-phase flow either neglect viscous compaction effects or neglect the
flow of melt altogether. Nevertheless, the interaction between incompressible and
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compressible matrix deformation needs to be better understood. For example, large-
scale solid flow controls the structure of the freezing boundary and therefore of the
behaviour of the melt channels. Because the melt channels are dispersive, however,
it is possible for compressible effects to grow to scales that might influence porosity
driven convection. Because both incompressible and compressible mechanisms can
contribute to melt focusing, it is important to understand the behaviour of the full
set of equations.

Given the wide range of behaviour inherent in the governing equations, some of the
geological implications of these results are clear. The melt extraction process should
be inherently episodic in space and time. This episodicity should manifest itself in the
volume, geometry and timing of eruptions. Given accurate forward solutions, it is
straightforward to calculate the effects of geologically reasonable two-phase flows on
geophysical and geochemical observables. For example, if we understood the
coupling between melt content and seismic velocity, we could determine how well
partly molten zones can be imaged. Present work is considering the effect of melt
segregation on trace element chemistry and suggests that the spatial and temporal
variations in chemistry may be a good indicator of the geodynamic process occurring
at depth (Spiegelman 1992).

Many thanks to Dan McKenzie and Tim Elliot for useful discussions. This work was supported by
NSF Grants OCE90-12572 and OCE91-14959 and is Lamont-Doherty Geological Observatory
Contribution no. 4959.
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gure 3. 2D solutions for the flow of melt and solid for a simple ridge spreading geometry
monstrating the effects of passive against active mantle flow. The top two parts show porosity.
elt flow (black curves) and matrix flow (white curves). The bottom two figures show the
mensionless melting rate which is proportional to upwelling rate for “fertile” upwelling mantle.
= () on closed streamlines or downwelling regions. Each part shows the right half of the melting
gion. The vertical scale is the melting depth (50-60 km) and there is no vertical exaggeration. R
related to the Raleigh number and measures the relative contribution of buoyancy forces to
scous forces. (a) Plate-dominated How. R = 0.0357. When shear is dominated by boundary
nditions. the forced shear of the viscous matrix can produce large pressure gradients that focus
e flow of melt. (b) Buovancy driven flow. R = 56.28. For lower viscosities or plate velocities,
wriations in melt content can drive additional small-scale convection which narrows the width of
e upwelling region. (¢) Melting rate field for plate driven shear, (d) and for buovancy driven shear.
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gure 4. The two fundamental effects of freezing on the flow of melt near the top of the partly
olten region. («) Melt channelling : because the cooling plates form a natural sloping impermeable
irrier to melt flow, channels may arise that transport melt to the ridge axis. (b) Simple freezing:
melt approaches the freezing boundary. it will be converted to solid which is transported away
- the spreading plates.
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gure 5. Geometry and boundary conditions used to investigate melt migration near a sloping
ezing boundary. Freezing occurs in the darker region marked freezing zone. C'ontours and
ading show values of the imposed freezing rate field I'(x). The freezing length, §, = 1/7I is
jproximately the length scale (in compaction lengths) over which a uniform melt flux would freeze
mpletely. There is no matrix shear. Boundary conditions are constant melt Hlux into the base,
e flux out the top and sides. The problem is non-dimensional with length scaled to the
mpaction length 4. porosity scaled to the uniform background porosity ¢,. and velocities to the
cckground melt velocity w,. Typical values for  are 100-1000 m, for ¢, are 1-10% and for w, are

-1 mat.
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gure 6. Kvolution of porosity near a freezing zone with a rapid freezing rate (I, = —2.0) showing
e development of high permeability melt channels near the treezing boundary. Each box is
' % 30 compaction lengths on a side and shading shows porosity relative to the background
rosity (¢ = 1) tor dimensionless times £ = 0. 10. 20 (top row). 40. 60. 80 (bottom row). A
mensionless time of 30 i1s the time required for a completely incompatible trace element to travel
~ross the box at the background melt velocity. The initial condition is the steady-state solution

<«

, \
A

A

_ven by the zero compaction length approximation where the melt can only percolate vertically
«d then freeze. At t = 10 the excess melt that cannot be accommodated by freezing begins to
cumulate at the boundary in a growing channel (¢ =~ 2.4). With time the initial channel grows
a porosity approximately 3.5 times greater than the background. Rather than growing into a

THE ROYAL
SOCIETY

1igle channel. however, the growth of each channel initiates the formation of a new channel below
In the same manner as the dispersion of solitary waves. The white box at { = 20 1s the region
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picted 1n figure 7a.
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~'1gure 7. Close-up of the freezing boundary at { = 20 showing melt flux vectors for rapid and slow

E];"t*f‘?.illﬁ rates. (a). (b) The 7.5 x 5.7 compaction length regions marked in figures 6 and 8. (a) Rapid
ogreezing rate ([, = —2.): This figure shows that not only does the obstruction in flux cause porosity
=20 increase near the freezing boundary, but also that the melt in these channels travels laterally.
-s 7)) When the freezing rate is slower (I, = —0.1). melt only percolates vertically. (¢) Schematic

lagram showing pressure gradients that make the melt flow laterally. When the melt flux is
educed by freezing over many compaction lengths. the compaction pressure is negligible and no
hannels form.
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Omigure 8. Evolution of porosity near a freezing zone with a slow freezing rate Iy = —0.1 (£ = 0, 10,
=3) (top row), 40, 60, 80 (bottom row). When freezing occurs over a region that is large compared
= t :

» the compaction length, viscous pressure gradients are negligible and only weak channels form.
‘ith time, this solution develops a weak oscillation that is related to the dispersion of solitary
aves (§2¢), however, as a first approximation, this solution maintains steady state. The white box
£ = 20 1s the region depicted in figure 75b.
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